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We investigate the dynamics of entanglement in the excitation transfer through a model consisting
of three interacting molecules coupled to environments. It is shown that entanglement can be further
enhanced if the distance between the molecules is oscillating. Our results demonstrate that motional
effect plays a constructive role on quantum entanglement in the dynamics of excitation transfer.
This mechanism might provide useful guideline for designing artificial systems to battle against
decoherence.
PACS numbers: 87.15.A-, 87.15.hj, 03.67.-a
Usually quantum entanglement is regarded as a fragile
resource and very sensitive to noise. Thus we need rigor-
ous laboratory conditions to manufacture and maintain
entanglement. It is believed that entanglement cannot
exist outside the laboratories, not to mention biological
systems, which are wet and hot, and with extremely high
levels of noise[1]. However, several recent studies have
shown that entanglement might exist in non-equilibrium
systems and survive for a relatively long time scales at
physiological temperatures in biological systems. Up to
date, these studies can be divided into three aspects: the
first aspect is focused on quantum entanglement in model
systems. The first study was made by M. Thorwart et
al [2] who demonstrate that enhanced quantum entangle-
ment in the non-Markovian dynamics of biomolecular ex-
citons. It is shown in Ref. [3] that dynamic entanglement
can be continuously generated in noisy non-equilibrium
systems. Subsequently, this phenomenon has been gener-
alized to the spin gas model and non-Markovian models
[4]. F. Galve et al [5] also predict that nanomechanical
oscillators can be entangled at much higher temperatures
than previously thought possible.
The second aspect is quantum entanglement in Fenna-
Matthews-Olson (FMO) complex of green sulfur bac-
terium. The FMO complex is a water soluble complex
and acts as a molecular wire to transfer the excitation
energy from the light harvesting antenna to the reac-
tion center. Many theoretical studies in light harvest-
ing structures are focused on the FMO due to its well
characterized pigment-protein structure. Recent experi-
ments by G. S. Engel et al [6] and G. Panitchayangkoon
et al [7] have shown that the electronic coherence be-
tween two excitonic levels at both cryogenic (77K) and
ambient (300K) temperatures. These experimental stud-
ies have generated a lot of theoretical interests[8–24] in
understanding the role of quantum coherence in light har-
vesting efficiency. In particular, M. Sarovar et al [25]
present numerical evidences for the existence of entan-
glement in the FMO complex for relatively long times.
The influence of Markovian, as well as non-Markovian
noise on the dynamics of entanglement in FMO complex
have also been analyzed by F. Caruso et al. [27].
The third aspect includes the investigation of entan-
glement in larger light harvesting complexes. Light har-
vesting complex II (LHCII) is the most abundant photo-
synthetic antenna complex in plants containing over 50%
of the world’s chlorophyll molecules [29, 30]. It is shown
that LHCII also exhibits long-lived electronic coherence.
Ishizaki and Fleming [28]have investigated quantum en-
tanglement in LHCII across different bipartitions of the
chlorophyll pigments.
However, in previous investigations listed above, the
motional effect of the molecules in the dynamics of ex-
citation transfer is omitted. It is suggested that con-
formational motion is an important feature of molecular
processes, such as protein folding or excitation transfer
in light harvesting complex. These lead to effectively
time-dependent interactions, with their strengths mod-
ulated by the motion of the molecular. In analogy to
the static case, the effect of the motion on the entangle-
ment dynamics of excitation transfer is far from being
understood. Here, we tackle this problem by considering
a model consisting of three interacting molecules driven
through the oscillating motion. Our studies demonstrate
that for a wide range of parameters, the average entangle-
ment can be enhanced if the motional effect is taken into
account. In our discussion, we assume that the conforma-
tional motion of the molecular structure can be described
classically. This semi-quantal approximation holds if the
involved molecules are too large to show their quantum
behavior[4]. Motion of the individual molecules leads
to a change in dipole moments and thus also induces
a time-dependence of the coupling. This mechanism will
be dominant whenever the molecules are tightly embed-
ded in a protein scaffold such as in the FMO complex.
For simplicity, we only consider the modulation of cou-
pling strength due to the change in distance. According
to Ref.[4], we choose the motion of the molecules change
their distance periodically, which holds for small ampli-
tudes in the harmonic regime. Furthermore, we suppose
the molecules are distant enough from each other such
that we only consider the nearest neighbor interactions.
In natural conditions, it is reasonable to consider at most
one excitation during the excitation transfer process[25].
2Under these conditions, the Hamiltonian of the chain
of interacting molecules in the single-excitation manifold
can be written as
H =
N∑
n=1
εn |n〉 〈n|+
N−1∑
n=1
Jn (|n〉 〈n+ 1|+ |n+ 1〉 〈n|)
(1)
where |n〉 represents the state with the excitation at the
n-th site having energy εn and all other states are in their
electronic ground state, and Jn is the coupling strength
between the n-th and the (n + 1)-th molecule. Motion
of the molecules will induce a time-dependent coupling
strength and deformation of the molecules will also lead
to the change of dipolar coupling. For simplicity, we sup-
pose the coupling strength only changes with the rela-
tive distance between the molecules. Suppose the dis-
tance between the molecules n and n + 1 is dn (t) =
d0−[un (t)− un+1 (t)] = d0 [1− 2an sin (ωt+ φn)], where
un (t) denotes the position of the n-th molecule and
d0 is the equilibrium distance between two neighboring
molecules, and an is the individual sites’ relative ampli-
tude of oscillation. Correspondingly, the dipole-dipole
coupling strength between two molecules is given by[3, 4]
Jn (t) =
J˜0
[dn (t)]
3 =
J0
[1− 2an sin (ωt+ φn)]3
(2)
where we have defined J0 =
J˜0
d3
0
, and J˜0 contains the
dipole moments and physical constants. Here our dis-
cussion corresponds to a given amplitude, frequency, and
phase synchronized with the propagation of the excita-
tion. This assumption is reasonable because the wave
packet that describes the nuclear motion has been ob-
served to exhibit surprisingly long coherence times in re-
action center proteins[26]. Although this model is rather
simple, several biological systems show similar structure
that agree with the assumptions underlying our model.
For example, a type of secondary structure in proteins
named α-helix or Fenna-Matthews-Olson (FMO) com-
plex, among which an excitation can be exchanged due
to dipole-dipole couplings between the molecules. Firstly,
we assume that all sites are subjected to dissipative noise.
This process can be introduced by considering a Lindblad
term Ldiss (ρ) of the form
Ldiss (ρ) =
N∑
n=1
Γn
[−{σ+n σ−n , ρ
}
+ 2σ−n ρσ
+
n
]
(3)
where σ+n = |n〉 〈0| and σ−n = |0〉 〈n| are, respectively, the
raising and lowering operators for site n, and |0〉 refers to
the zero exciton state of the system. The symbol {A,B}
is an anticommutator, and Γn denotes the dissipation
rate of the n-th molecule.
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FIG. 1: (color online). Time evolutions of the entanglement of
molecules 1 and 2, in the motional case(red line), and in static
case(blue line).(a)ω = 1, a1 =
1
4
,(b)ω = 2, a1 =
1
4
,(c)ω =
5, a1 =
1
3
.
In order to model the dynamics of the excitation trans-
fer along a chain of molecules, we introduce an additional
site, the sink that resembles the reaction center in photo-
synthesis. It denotes an irreversible decay of excitations
from the site N to the last N +1 site. The absorption of
the energy from the site N to the sink (numbered N +1)
is modeled by a Lindblad operator
Lsink (ρ) = Γs
[
2σ+N+1σ
−
Nρσ
+
Nσ
−
N+1 −
{
σ+Nσ
−
N+1σ
+
N+1σ
−
N , ρ
}]
(4)
where Γs is the absorption rate of the sink which de-
scribes the irreversible decay of the excitations to the
sink. Thus the master equation of the density matrix ρ
of the system is given by
dρ
dt
= i [ρ,H] + Ldiss (ρ) + Lsink (ρ) (5)
To study the role of the motional effect on entangle-
ment, we only considering the simplest case of a chain
3composed of only N = 2 interacting molecules, la-
beled 1 and 2 plus the sink labeled 3. The exciton
is transferred from molecule 1 to 3 through the linear
chain and finally is trapped by the sink. Molecules 1
and 2 are subjected to the dissipative environment si-
multaneously. The coupling strength between the two
sites is modulated by the oscillating motion of the
molecules. In our discussion, we suppose the local en-
ergies ε1 = ε2 = ε. This simple model provides a plat-
form to demonstrate the dynamics of entanglement in
the excitation transfer process driven through the os-
cillating motion. Here, we use the Wootter’s concur-
rence [31] to quantify entanglement, which can be de-
fined as: C (ρ) = max
{
0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4
}
,
where λi are the eigenvalues in decreasing order of the
matrix ρρ˜ = ρσy ⊗ σyρ∗σy ⊗ σy with ρ∗ denoting the
complex conjugation of ρ. We choose the parameter
Γ1 = Γ2 = 0.2,Γs = 0.5, φ =
pi
2 , J0 = 1, where φ =
pi
2
indicates the two molecules are closest at the initial time.
We suppose the initial state has an excitation localized
on molecule 1. By numerically solving the master equa-
tion (5), we plot the entanglement evolution of molecules
1 and 2 in Fig.1 with red line. In this case, the cou-
pling strength J (t) is time-dependent and driven through
the oscillating motion of the molecules. In Fig.1(a) we
choose the parameters ω = 1, a1 =
1
4 for the motional
case. For comparison, we also consider the static case
with constant J , and the coupling strength Jmax = 8
when the molecules have the closest distance. The blue
line represents the evolution of entanglement in the static
case. In Fig.1 (b) and (c), we choose the parameters
ω = 2, a1 =
1
4 , Jmax = 8 and ω = 5, a1 =
1
3 , Jmax = 27,
respectively. Fig.1 shows that in the motional case entan-
glement has larger value than the static case for a wide
range of time.
In order to further illustrate the dynamics of en-
tanglement with different ω, we introduce the average
entanglement defined as C¯ = 1
T
∫ T
0
C (t) dt for fixed
ω. From Fig.1(a) we can calculate that C¯ (J0) =
0.1461 >C¯ (Jmax) = 0.1136, where we have chosen the
time in the range 0 ≤ T ≤ 8. Similarly, in cases (b) and
(c) we have C¯ (J0) = 0.1571 >C¯ (Jmax) = 0.1136 and
C¯ (J0) = 0.1637 >C¯ (Jmax) = 0.1133, respectively, with
numerical calculations. Obviously, the average entangle-
ment is larger than the static case in these three cases.
In Fig.2 (a) we plot the average entanglement versus fre-
quency ω with 0 ≤ ω ≤ 10. The red line corresponds to
the time-dependent coupling strength and the blue line
represents the static case. We can see that the average
entanglement oscillate rapidly around the static case for
small ω. For fast motion, i.e. for larger ω, the oscillating
motion plays a constructive role in contrast to the static
case. This enhancement is valid only for a window of ω.
This effect can be understood as follows. The oscillat-
ing of the molecule leads to a population redistribution,
as compared to the static case. The enhancement of en-
tanglement corresponds to a relatively larger population
in the molecule 1 and 2. It means that motion might
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FIG. 2: (color online). (a) The average entanglement evolu-
tions versus ω, in the motional case(red line), and in static
case(blue line). (b) The average sink population evolutions
versus ω, in the motional case(green line), and in static
case(yellow line). The parameters are φ = pi
2
, a1 =
1
4
, 0 ≤
T ≤ 8.
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FIG. 3: (color online). The average entanglement evolutions
versus ω with different φ. (a)φ = pi
6
, (b)φ = pi
3
, (c)φ = 2pi
3
,
(d)φ = 5pi
6
.
prevent excitation transfer from the molecule chain to
the sink for some ω. Thus the enhancement of entangle-
ment is accompanied with the decrease of the sink pop-
ulation. This explanation can be confirmed in Fig.2 (b),
in which we plot the average evolution of sink population
versus ω. Here, the sink population at time t is defined as
p (t) = Tr (|3〉 〈3| ρ (t)), where |3〉 denotes the sink. The
average sink population is given by p¯ = 1
T
∫ T
0
p (t)dt. It
can be seen from Fig.2 (b) that entanglement is enhanced
when the population is decreased with fixed ω. There ex-
ist a tradeoff relation between the average entanglement
and the average sink population.
The previous discussion was limited to the initial con-
dition φ = pi2 for the molecules in the closest distance. In
4order to test whether our results hold for other phases,
we set φ = pi6 , φ =
pi
3 , φ =
2pi
3 , and φ =
5pi
6 , respectively
in Fig.3. It shows that the enhancement of entanglement
still exist for other phases. If 0 ≤ φ ≤ pi, the evolu-
tion of entanglement strongly modulated by the initial
phases and the window of ω increases with the initial
phase. As seen in Fig.3 (d) that entanglement is larger
than the static case for almost all ω. In Fig.4 we also plot
the evolution of average entanglement with different a1,
the other parameters are Γ1 = Γ2 = 0.2,Γs = 0.5, φ =
pi
2 , J0 = 1, ω = 1. Here, the maximal coupling strength
in the static case is given by Jmax =
J0
(1−2a1)3
.
Finally, we investigate whether our results also hold
for other initial states. Firstly, the initial state is set in
the maximal superposition state 1√
2
(|1〉+ |2〉), the other
parameters are φ = pi2 , a1 =
1
4 , 0 ≤ T ≤ 8. Fig. 5
(a) and (b) shows the evolutions of entanglement versus
ω with φ = pi6 , and φ =
5pi
6 , respectively. Obviously,
the average entanglement is always larger than the static
case for this initial state. The parameters in Fig.5 (c)
and (d) are similar to (a) and (b) except the initial state
is
√
1
3 |1〉+
√
2
3 |2〉. Fig.5 shows that when the initial
state is a superposition state, motion helps to enhance
entanglement better than the inital state |1〉.
In the above discussions, we have modeled the en-
vironment as dissipative noise. In order to test
how the dephasing process affects the dynamics of
entanglement, we can add an additional dephas-
ing term in Eq.(5) which is given by Ldeph (ρ) =
N∑
n=1
γn (2σ
+
n σ
−
n ρσ
+
n σ
−
n − {σ+n σ−n , ρ}). Numerical simula-
tion shows that the dephasing noise cannot alter our re-
sults and dephasing only affects the amplitude of entan-
glement.
In summary, we have investigated the dynamics of en-
tanglement in the excitation transfer through a model
consisting of three interacting molecules coupled to envi-
ronments. The results presented here demonstrate that
quantum entanglement can be enhanced through the me-
chanical motion of the molecules. Our model can be sim-
ulated with trapped ions and the two internal levels of
trapped ions can encode the two-level system. The classi-
cal oscillation can be simulated by tuning the interaction
strength and the transverse fields, which is achievable,
e.g., by changing the amplitudes of laser beams as sug-
gested in Ref.[3]. In biologically context, such mechanical
motion can be regarded as conformational changes which
plays a vital role in many molecular processes. Here, we
model these conformational changes as purely classical
oscillating of the molecules. This effect suggests us that
biological systems might utilize this mechanics to protect
entanglement in natural environments. Our results may
have potential applications in future artificial systems to
maintain entanglement in the presence of environment
noises.
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